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Abstract  
Direct integration technique is used to study the proper conformal vector 
fields in non conformally flat Bianchi type-1 space-times. Using the above 
mentioned technique we have shown that a very special class of the above space-
time admits proper conformal vector fields.  
 
1. INTRODUCTION 
This paper investigates the existance of proper conformal vector fields in 
Bianchi type-1 space-times by using the direct integration technique. The 
conformal vector field which preserves the metric structure upto a conformal 
factor carries significant interest in Einstein’s theory of general relativity. It is 
therefore important to study these symmetries.  
Throughout M  represents a four dimensional, connected, hausdorff 
space-time manifold with Lorentz metric g  of signature (-, +, +, +). The 
curvature tensor associated with ,abg  through the Levi-Civita connection, is 
denoted in component form by ,bcdaR  and the Ricci tensor components are 
.acbcab RR =  The usual covariant, partial and Lie derivatives are denoted by a 
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semicolon, a comma and the symbol ,L  respectively. Round and square brackets 
denote the usual symmetrization and skew-symmetrization, respectively.  
Any vector field X  on M  can be decomposed as  
  ababba FhX += 2
1
;       (1)  
where abXbaab gLhh == )(  and )( baab FF −=  are symmetric and skew symmetric 
tensors on ,M  respectively. Such a vector field X  is called conformal vector 
field if the local diffeomorphisms tψ  (for appropriate t ) associated with X  
preserve the metric structure up to a conformal factor i.e. ,* ggt φψ =  where φ  is 
a nowhere zero positive function on M  and *tψ  is a pullback map on M  [3]. 
This is equivalent to the condition that  
,2 abab gh φ=   
equivalently  
  ,2,,, ab
c
bac
c
acb
c
cab gXgXgXg φ=++     (2) 
where RM →:φ  is the smooth conformal function on ,M  then X  is a called 
conformal vector field. If φ  is constant on ,M  X  is homothetic (proper 
homothetic if 0≠φ ) while 0=φ  it is Killing [3]. If the vector field X  is not 
homothetic then it is called proper conformal. It follows from [3] that for a 
conformal vector field ,X  the bivector F  and the function φ  satisfy (putting 
aa ,φφ = )  
  ,2 ][; cba
d
abcdcab gXRF φ−=       (3) 
  ,
2
1
)(;;
c
bacab
c
cabba FRLXL +−−= φφ      (4) 
where .
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ababab gRRL −=   
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2. Main Results  
A Bianchi type-1 space-time is a spatially homogeneous space-time which 
admits an abelian Lie group of isometries 3G , acting on spacelike hypersurfaces, 
generated by the spacelike Killing vector fields which are [2,4]  
x∂
∂ , 
y∂
∂ , .
z∂
∂         (5) 
The line element in usual coordinate system is [1]  
,2)(2)(2)(22 dztfdytkdxthdtds +++−=     (6) 
where kf ,  and h  are some nowhere zero functions of t  only. The possible 
Segre type of the above space-time is }111,1{  or one of its degeneracies. A vector 
field X  is said to be a conformal vector field if it satisfy equation (2). One can 
write (2) explicitly using (6) we have  
  ,00, φ=X        (7) 
  ,010,
0
1, =+− hXX       (8) 
  ,020,
0
2, =+− kXX       (9) 
  ,030,
0
3, =+− XfX       (10) 
  ,22 11,
0 φhXhXh =+&       (11) 
  ,021,
1
2, =+ kXhX       (12) 
  ,031,
1
3, =+ XfhX       (13) 
  ,22 22,
0 φkXkXk =+&       (14) 
  ,032,
2
3, =+ XfkX       (15) 
  .22 33,
0 φfXfXf =+&      (16) 
Equations (7), (8), (9) and (10) give  
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    (17) 
where ),,(),,,(),,,( 321 zyxAzyxAzyxA  and ),,(4 zyxA  are functions of 
integration. In order to determine ),,(),,,(),,,( 321 zyxAzyxAzyxA  and 
),,(4 zyxA  we need to integrate the remaining six equations. To avoid details, 
here we will present only the result when the above space-time (6) admits proper 
conformal vector field. It follows from the above calculations; there exist only 
one possibility when the above space-time (6) admits proper conformal vector 
field which is:  
Case (1) Four conformal vector fields:  
In this case the space-time (6) becomes  
)222)((222 )(2)(2)(2 13111 dzedyedxetVdtds tNdtNdtNd −−− +++−=  (18) 
and conformal vector field is  
  
,
,,),(
1413
3
1211
2
21
10
dzdX
dydXdxdXtVX
+=
+=+==
  (19) 
where ∫ += ,)()( 8ddtttV φ  ∫= ,)(1)( dttVtN  (,,,,,, 14131211821 Rddddddd ∈  
)0,0,0,,, 131111113131111 ≠≠≠≠≠≠ ddddddddd  and φ  is no where zero 
function of t  only. The above space-time (18) admits four independent conformal 
vector fields in which three are Killing vector fields which are given in (5) and 
one is proper conformal vector field which is  
  ).,,),(( 13111 zdydxdtVZ =      (20)  
One can easily check that the above vector field (20) is not a homothetic vector 
field by substituting it into the homothetic equations.  
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 Now consider the case when ,1311 dd = 111 dd ≠  and the above space-time 
(18) becomes  
 )).22(2)((222 )(2)(2 111 dzdyedxetVdtds tNdtNd +++−= −−    (21)  
The above space-time admits five independent conformal vector fields in which 
four independent Killing vector fields which are: 
x∂
∂ , 
y∂
∂ , 
z∂
∂  and 
z
y
y
z ∂
∂−∂
∂  
and one proper conformal vector field which is given in (20). The cases when 
,111 dd = 1311 dd ≠  and ,131 dd = 111 dd ≠  are exactly the same.  
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